Rephasing Invariants of Quark and Lepton Mixing Matrices 
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Rephasing invariants of quark and lepton mixing matrices are obtained in the standard model 
extended by the seesaw mechanism, and in its low-energy effective theory with the dimension- 
five Majorana mass operator. We classify the basic invariants, discuss non-trivial relations between 
them, and determine the independent invariants which characterize all the information in the mixing 
matrices in a basis-independent way. We also discuss the restrictions on the allowed ranges for the 
mixing phases, and on the rephasing invariants, which follow from a discrete invariance of the 
Majorana mass matrix. 



I. INTRODUCTION 

The interaction of quarks with weak gauge bosons is 
described in terms of the Cabibbo-Kobayashi-Maskawa 
(CKM) mixing matrix V, a unitary 3x3 matrix, which is 
the transformation matrix between the quark mass eigen- 
state and weak interaction eigenstate bases. In the quark 
mass eigenstate basis, one still has the freedom to make 
phase rotations on the quark fields, which leads to the 
redefinition 
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where <% = diag(0„, <j> c , (j> t ) and § D = diag(0d, cf> s , 4> b ). 
Physical quantities are basis independent, and must be 
invariant under the rephasing Eq. ([1]). CKM rephasing 
invariants have been studied extensively in the litera- 
ture [3, 0,0], the best-known example being the CP-odd 
Jarlskog invariant J = Im VnV^V^V^. 

In this paper, we extend the analysis of rephasing in- 
variants to the lepton sector. We will assume that neu- 
trino masses in the lepton sector are described by the 
seesaw mechanism. At low energies (below the seesaw 
scale), the theory reduces to the standard model with 
an additional dimcnsion-5 operator which leads to Ma- 
jorana masses for the weak-doublet neutrino fields after 
electroweak symmetry breakdown. The mixing matrix 
in this case is the PMNS matrix U . Rephasing invari- 
ants of V and U have previously been studied by Nieves 
and Pal [J, Q ■ We review their analysis, and give addi- 
tional results on relations between rephasing invariants. 
We also characterize the invariants in a different way, 
which gives a better understanding of the independent 
invariants, and how they encode the information con- 
tained in the mixing matrices. At energies above the 
seesaw scale, the lepton sector has two mixing matrices 
V and W; we extend the analysis of rephasing invariants 
to this case. We will see that the classification of lepton 
rephasing invariants is considerably more involved than 
the quark invariants, and that there are many non-trivial 
relations between the invariants. These relations provide 
additional insight into the structure of CP- violating ob- 
servables in the extended standard model. 

The high-energy lepton invariants are not all currently 
accessible experimentally. Some of them (particularly the 



CP-odd ones) are relevant for leptogenesis, and so can be 
constrained indirectly [E 0| ■ Many of the low-energy lep- 
ton invariants are already measured in neutrino oscilla- 
tion experiments. The remaining unmeasured low-energy 
lepton invariants are the subject of the current and future 
program of neutrino oscillation and neutrinoless double 
beta decay experiments. The relation between the high- 
energy and low-energy invariants is particularly interest- 
ing, and will be discussed in a future publication Q . 

There is an extensive literature on quark and lepton 
invariants (see, e.g. [E EE d El)- In addition to 
rephasing invariants discussed here, one can construct 
invariants directly from products of the the quark and 
lepton mass matrices, rather than from the mixing ma- 
trices. These invariants are often called weak basis in- 
variants [111, EH and will be discussed in Ref. Q . 

The paper is organized as follows. In Sec. HJ we de- 
fine the high-energy and low-energy theories, their mix- 
ing matrices, and rephasing transformations of the mix- 
ing matrices. In Sec. IIII1 we write the mixing matrices 
in a standard form, review the counting of independent 
parameters and the allowed ranges for the angles and 
phases. Section IIVI classifies the quark invariants and 
the lepton invariants in the low-energy and high-energy 
theories, and discusses their properties. The conclusions 
are given in Sec. [V] 



II. MIXING MATRICES 

Neutrino masses can be included in the standard model 
by introducing singlet left-handed neutrino fields N°. 
The relevant terms in the seesaw Lagrangian are the 
Yukawa couplings and singlet Majorana mass terms, 
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1 The left-handed singlet neutrino fields are denoted by N c be- 
cause the usual convention in the literature is to denote the 
right-handed field by N. 
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where H is the Higgs field, all fcrmions fields are left- 
handed, i,j arc flavor indices, and gauge and Lorentz 
indices have been suppressed. The seesaw Lagrangian 
violates lepton number if both Y v ^ and M ^ 0. We 
study the general case of TV generations, and later re- 
strict to the physical case of interest TV = 3. In this 
paper, we assume, for simplicity, that the number of sin- 
glet neutrinos is equal to the number of lepton doublets. 
The gene ralization to a different number is straightfor- 
ward [13| . Flavor mixing in the lepton sector is governed 
by the Yukawa matrices Ye and Y v , which are TV x TV 
complex matrices, and by the mass matrix M , which is a 
TVxTV complex symmetric matrix. Under CP, Ye — > Y^, 
Y v -» Y* and M -» M*. 

Integrating out the N c fields leads to the effective La- 
grangian below the seesaw scale [HI, , 

C = -Et {Y B ).. Ljfft + \ (L t H) (C7 6 ) tf (LjH) + h.c, 

(3) 

where at lowest order, the dimension-5 coefficient [HI ] 

C s = YjM- x Y v (4) 

is an TV x TV complex symmetric matrix. Under CP, 
C5 — > Cf. The neutrino Majorana mass matrix in the 
low energy theory is —C^v 2 /2, where v ~ 247 GeV is the 
Higgs vacuum expectation value. 

Unitary field redefinitions on L, E c and TV C can be 
used to diagonalize the matrices Ye and M in the seesaw 
Lagrangian Eq. ((2|), 

Y E -> A £ , M -» Ajv, (5) 

where Ae,n are diagonal matrices with real, non- negative 
eigenvalues. In this basis, the matrix Y v can be written 
as 

Y v = W~ l K v V, (6) 

where V and VU are unitary matrices, and is a diago- 
nal matrix with real, non- negative eigenvalues. V and W 
are the mixing matrices which describe flavor violation in 
the lepton sector of the seesaw theory. V is the analogue 
of the CKM quark mixing matrix in the lepton sector; 2 
it describes the mismatch between the unitary field re- 
definitions on E and v in L required to diagonalize Ye 
and Y v , respectively. W is an additional mixing matrix 
which has no quark analogue; it describes the mismatch 
between the unitary field redefinitions on TV C required to 
diagonalize M and Y v , respectively. 

Arbitrary rcphasing transformations on the weak dou- 
blet neutrino fields v arc allowed because the phase re- 
definitions V — > e**"U, W — ► e l *"W , where $> u is diago- 
nal and real, leave Y v invariant since e^'^'A^e'*" = A„. 



2 The same symbol V is used for both matrices. It should be clear 
from the context whether we are referring to the quark or lepton 
mixing matrix. 



There also is the freedom to: (a) make the same diagonal 
rephasing transformations on L and E c , which leaves A# 
invariant, and (b) multiply TV C fields by —I, which leaves 
A at invariant. The full rcphasing transformation is 

V-^e^Ve - ***, W^e^WvN, (7) 

where r/N is a diagonal matrix with allowed eigenvalues 
±1. The 77 matrix takes into account —1 rcphasings 
allowed for the N c fields. 

In the effective theory, unitary transformations on E c 
and L can be used to diagonalize Ye in Eq. (J5J) , Ye — > 
Ae, where A# is a diagonal matrix with real, positive 
eigenvalues. In this basis, C5 can be written as 

C 5 = UA 5 U T , (8) 

where A5 is a diagonal matrix with real, non-negative 
eigenvalues. Eq. j8]) defines the unitary PMNS matrix U 
which diagonalizes the effective Majorana mass matrix 
of the weakly interacting neutrinos. This mixing matrix 
is responsible for neutrino oscillations in low-energy ex- 
periments. The rephasing transformation for the PMNS 
matrix is 

U -> e- l * E C/7 ?t/ , (9) 

where rj u is a diagonal matrix with allowed eigenvalues 
±1. The rjy matrix takes into account —I rcphasings 
allowed for the Majorana v fields. 

In the following sections, we will discuss invariants in 
the high-energy theory with Lagrangian Eq. (|2|) built out 
of V, W and in the low-energy theory with Lagrangian 
Eq. §5§ built out of U. One does not need to consider 
invariants built out of all three matrices, since U and 
{W, V} do not exist in the same theory. 

III. PARAMETER COUNTING 

An TV x TV unitary matrix has TV 2 parameters which 
are divided into CP-even and CP-odd parameters called 
angles and phases, respectively; there are TV (TV — l)/2 
angles and TV (TV + l)/2 phases. As is well-known, the 
rephasing invariance Eq. |T]) removes (2TV — 1) phases 
from the quark mixing matrix V. (An overall phase 
transformation with $y = $0 a 1 leaves V invari- 
ant, and does not correspond to a rcmoveable phase.) 
Thus, V can be rewritten in the standard CKM form 
with TV(TV - l)/2 angles and (TV - I)(TV - 2)/2 phases. 
The angles 6i £ [0, 7r/2], and the phases Si € [0, 2tt). 

Many different parameterizations of the CKM matrix 
have been discussed in the literature [l6[ ■ The particular 
form chosen is not important. We will pick a standard 
form V{9i, Si) which is & fixed functional form. The quark 
CKM matrix V and the lepton mixing matrices U, V 
and W will be given in terms of V by choosing (different) 
values for 9i , Si for each matrix. An arbitrary unitary 
matrix can then be written as 

e^e^V^^e 1 * (10) 
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where x is an overall phase. $ = diag(0, fa, ■ • • , <f>jv), 
and = diag(0, ipi, ■ ■ • , Vvv)- The phases x, 0j, and 
ipi, i = 2, .. . ,7V, are the (27V — 1) phases which can be 
removed in the CKM matrix by the rephasing transfor- 
mation Eq. {!]). The standard parameterization of the 
CKM matrix is V — V{0 t , Si). 

In the low-energy effective theory, there is only one 
mixing matrix, the PMNS matrix U , with the rephasing 
invariance Eq. ([9]). Starting with the canonical form for 
the unitary matrix Eq. (|10p . the TV arbitrary phases x 
and fa, i = 2, . . . , TV can be eliminated using the TV phase 
redefinitions <&£ in Eq. The r\ v factor of Eq. © can 
be removed by -> -e* if (77^ = -f. [If (77^)11 = 
— 1, the redefinition ?/„ — > —77,,, x ~~ * X + f transfers the 
sign to the removeable phase Thus the 77^ rephasing 
in Eq. Q implies that the phases ipi and ipi + 7r are 
equivalent, so the range of the ipi can be restricted to ipi £ 
[0, tt). It is convenient to have all phases vary over the 
same range [0, 2tt), so the standard form for the PMNS 
matrix rescales the ipi phases by a factor of 1/2 and is 
given by 

U = ViOuik)? 9 ' 3 (11) 

with TV(TV - l)/2 angles l G [0,tt/2] and TV(TV - l)/2 
phases consisting of (tV— 1)(TV— 2)/2 phases Si and (TV— 
1) phases ipi, with range 5j, ipi G [0, 27r). For TV = 3, the 
low-energy mixing matrix U has 3 angles and 3 phases. 

We will call these parameters 0^231 an d ^23- 

In the high-energy seesaw theory, there are two lepton 
mixing matrices V and W, which can be written in the 
canonical form Eq. (fT0|) . 

V = e^e^V{0 l ,S i )e^ , W = e* x V*' V(0' l , S'Je™' .(12) 

The rephasing transformations $„, &e and 77^ of Eq. ([7|) 
can be used to (i) eliminate x, x' an d (ii) restrict ip\ 
to the range [0, 7f) rather than [0, 27r), and (iii) eliminate 
either $ or 6m£ not &o/;/i. For example, the standard 
form of the mixing matrices which uses the <!>„ phases to 
eliminate the $ phases from V is given by 3 

V = V(0i,Si), W = e- i *V(0' i ,5 , y*'/ 2 , (13) 

whereas the standard form of the mixing matrices which 
uses the $„ phases to eliminate the $' phases from W is 
given by 

V = e i$ V(0i, «i)> W = V(flJ, ^)e iW ' /2 . (14) 

In Eq. (fT3]l. 1/ has the canonical CKM form with TV(TV- 
l)/2 angles ^ and (TV— 1)(TV— 2)/2 phases Si, whereas in 
Eq. (fli)). VF has the canonical PMNS form with TV (TV - 
l)/2 angles 0[ and TV (TV — l)/2 phases consisting of the 



3 Once again, it is convenient to rescale Nf' — > ty' /2 so that all 
phases have the range [0, 27r). 



(TV - 1)(TV - 2)/2 phases ^ and the (TV - 1) phases_^. 
In either basis, there are (TV — 1) additional phases <I> = 
$ — <!>' which cannot be removed, so there are a total of 
TV(TV — 1) phases between the two matrices. Together, 
the matrices V and W contain TV (TV — 1) angles and 
TV(TV — 1) phases, for a total of 2TV(TV — 1) parameters. 
Note that interactions involving only the v and charged 
lepton fields can be written in terms of V alone, whereas 
interactions involving only v and N c fields can be written 
in terms of W alone, so these processes do not depend 
on the (TV — 1) phases in $. The $ phases only enter in 
processes which depend on both V and W involving is, 
N c and charged lepton fields. Leptogenesis depends on 
the matrices Y„Yj and M [E0], an d so is dependent only 
on W and the M mass eigenvalues, and is independent 
of V and $. 

For TV = 3, V in canonical CKM form has 3 angles and 
1 phase, which we will call 0^3 an d S^ v \ while W in 
canonical PMNS form has 3 angles and 3 phases, which 
we will call #1^3, S^ w ^ and ^3 • When both matrices 
V and W are considered together, there are 2 additional 
phases which can be included in either V or W. We will 
call these phases </>2,3- 

IV. REPHASING INVARIANTS 

We now determine the rephasing invariants made out 
of the quark and lepton mixing matrices. There are three 
cases to consider: (a) quark invariants made out of the 
CKM matrix V with the rephasing invariance Eq. (JTJ) ; 
(b) lepton invariants in the low-energy theory made out 
of the PMNS matrix U with rephasing invariance Eq. (J9J); 
and (c) lepton invariants in the high-energy theory made 
out of the lepton mixing matrices V and W with rephas- 
ing invariance Eq. (|7|). 

It is easy to construct the invariants using a graph- 
ical analysis. The lepton mixing matrices are shown 
in Fig. Q] for the high-energy theory, and in Fig. [2] for 
the low-energy theory. Invariance under Eq. in the 
high-energy theory implies that every outgoing dashed or 
solid line must be connected to a corresponding incom- 
ing line. Consequently, the connected graphs consist of 
closed loops with even numbers of vertices, Fig. 13161 etc., 
and open chains beginning with an incoming TV C line of 
a W vertex and ending with an outgoing 7V C line ema- 
nating from a W* vertex, Fig. [8j etc. Invariance under 
Eq. © in the low-energy effective theory implies that ev- 
ery outgoing solid line must be connected to an incoming 
solid line. In this case, the connected graphs consist of 
2- vertex chains beginning with an incoming v line of a U 
vertex and ending with an outgoing v line of a U* vertex, 

Fig. m 

The discrete 77^^ invariance will be considered after 
we have constructed the basic loop and chain invariants. 
It requires that one consider only products of the basic 
chains where each external flavor index of a given type 
occurs an even number of times. 
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FIG. 1: Graphical representation of elements of the mixing 
matrices in the high-energy theory. The dashed, solid and 
double lines are v, E and 7V C indices, respectively. 
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FIG. 2: Graphical representation of elements of the PMNS 
mixing matrix in the low-energy theory. The dashed and solid 
lines are v and E indices, respectively. 



A. Quark Invariants 

The classification of quark invariants has been studied 
in detail [H, H, E| . We review the known results as they 
will be needed for the discussion of lepton invariants. We 
also discuss relations among the invariants in a new way, 
which will help in understanding the structure of CP- 
violating phases in the lepton sector. We follow, to a 
large extent, the analysis of Nieves and Pal jij. 

The quark invariants are constructed from the CKM 
matrix V, which has the same graphical depiction as the 
lepton mixing matrix V of the seesaw theory shown in 
Fig. [T] Invariance under Eq. ([I]) implies that every out- 
going dashed or solid line must be connected to a cor- 
responding incoming line. Thus, the rephasing invari- 
ants correspond graphically to closed loops involving an 
even number of vertices. Each invariant is the product 
of pairs of V and V* matrix elements. The intermedi- 
ate lines in the loop graphs carry labels which specify 
the V and V* matrix elements in a given invariant. The 
simplest closed loop involving two vertices is displayed 
graphically in Fig. [3] This loop denotes the rephasing in- 
variant Vi a V* a , where Vi a refers to the ia matrix element 
of V, and there is no implied summation over i and a. 
A general rephasing invariant will be denoted by angle 
brackets ( } surrounding the labels of the intermediate 




FIG. 3: Loop invariant {ia) = Vi a V* a . 



lines in the loop, 

(i N a N . . .i 2 a 2 ha 1 ) = V* NOll V iNCCN ... V* lCt2 V iiai , 

(15) 

where by convention, the first label inside the ( ) is always 
an [/-quark i-type index. From the definition Eq. (|15[). it 
is clear that each loop rephasing invariant contains each 
[/-quark label i and D-quark label a twice on the r.h.s., 
once in a factor of V and once in a factor of V*. It is 
implicit that each label takes one specific value in the 
set 1, • ■ ■ , A/", and is not summed over, i.e. the Einstein 
summation convention is not implied. It is clear that the 
loop invariant has cyclic symmetry, 



{iN aN ■ ■ ■ «2 a.2 h a\) = (i\ a\ i N aN ■ ■ ■ «2 oc 2 ) 



(16) 



Under CP, 
(i N a N ■ ■ - i2a 2 h ai) 



{iN CCN ■ ■ ■ »2 "2 i\ Otl)* 

{h OL 2 12 "3 ■ ■ • iN-1 CtN iN &l) ■ 

(17) 



Not all loop invariants are independent. The internal 
line labels of independent loop invariants must all take 
different values 1, ■ • ■ ,Af, because if any label of [/-quark 
or D-quark type is repeated, the loop graph decomposes 
into smaller invariant subgraphs obtained by reconnect- 
ing the lines with the same labels. For example, there 
are identities 

{[i.../3}ja[£...^]ka) = ([i .../?] ja) ([£... 7 ] ka) 

(18) 

where [i . . . (3] denotes an arbitrary string of allowed in- 
dices i ■ ■ ■ P with initial label i and final label (3, and a 
is a repeated Z?-quark label. This identity is the trivial 
equation 

v* a ---v; p v ja v; a ---v L ^v ka 
= {v* a ■ • • v&Vjc) (v; a ■ ■ ■ v^Vka) ■ (is) 

Similar identities hold for a repeated [/-type index. Thus, 
independent invariants have every quark label of a given 
type (U or D) taking a distinct value. 
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FIG. 5: Graphical representation of unitarity of the matrix 

Vict • 



FIG. 4: Identity which allows the 3 matrix elements VV*V 
to be replaced by a single matrix element V in loop graphs. 
Repeated application of the identity allows all loop graphs to 
be reduced down to 4- vertex and 2- vertex loop graphs. 




There also are reconnection identities of the form 

([ii . . . a{\ia[i 2 . ■ . a 2 ]j/3) ([ji . . . /3i]i'a[j 2 ■ . . f3 2 ]j' f3) 
= ([ii . . . ai]ia[j 2 . ../3 2 }j'(3) (\j x . ../3i]i'a[i 2 . ..a 2 }j/3) 

(20) 

for repeated labels a and /?. A particularly useful iden- 
tity, obtained when one repeated label is a [/-quark index 
and the other repeated label is a D-quark index, is 

([k . . .j]i/3ja) (ia) = ([k . . ."f]ia) (i/3ja) (21) 



{v: a ---v?v i0 v* v ja ) (V* a V ia ) 
(v: a ---v t ;v ia )(v; a v tf) v; p v ja ) 



(22) 



This identity replaces three matrix elements VV*V in the 
loop ([k . . ."f]i/3ja) by one matrix element V (see Fig. [4j. 
By repeatedly applying Eq. (|21|). any loop can be reduced 
down to products of loops containing at most 4 vertices. 

First, we determine the independent quadratic VV* 
invariants. Unitarity of the CKM matrix, 



lap, 



(23) 



which is depicted graphically in Fig. [5l implies that all 
invariants with an internal index equal to AT can be writ- 
ten in terms of the other quadratic invariants. Thus, the 
independent quadratic invariants are given by (ia) with 
i and a labels running over 1,2, •••,7V — 1, 



(ia) 



1< i,a < AT- 1, 



(24) 



FIG. 6: Loop invariant (iaj/3) = ViaVj a VjpV*g. 



and they are all CP-even. There are (N — l) 2 inde- 
pendent quadratic invariants (ia) , which is equal to the 
number of parameters (angles plus phases) in V . These 
quadratic invariants generically determine all the param- 
eters of V except for discrete choices. For example, for 
M = 3 they determine #1,2,3 an d cos<5, which determines 
8 up to a ± sign. 

Next, we consider the quartic invariants (see Fig. [5]) 



(iajp) = v ia v; a v ](3 v: . 



(25) 



Not all of these quartic invariants are independent. The 
identities for the quartic invariants are 



(iaja) 
(ia if3) 
(iajf3)* (iaj(3) 
(iaj/3) (kal/3) 
(iajP) (i-yjS) 



(ia) (ja) , 

(ia) (if3) , 

(ia) (i/3) (ja) (jp) 

(ial/3) (kaj/3) , 

(iajS) (ijjj3) , 



(26) 



where the first two identities follow from Eq. (fT8|) . the 
last two identities follow from Eq. (f20|) . and the third 
identity is the trivial statement that the absolute value 
of the magnitude squared of any loop invariant can be 
written as the product of quadratic loop invariants. The 
first two identities restrict the quartic invariants (iaj/3) 
to ones with no repeated labels of the same type, i 7^ j 
and a ^ [3. Unitarity Eq. (|23p implies that the quartic 
loop invariants with i and a set to M can be rewritten 
in terms of invariants with i and a equal to 1, • • • , J\f — 1. 
The identities in Eq. (|26|) also yield 



(iaj/3) (jak/3) 
(iaj/3) (if3j-y) 



(iakp) (ja) (j/3) 
(ia n ) (i/3) . 



(27) 
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These relations can be used to express Q 

(iai a ) (jfti a ) (jai a )* (i(3i a o y 



(iaj{3) 



(i a ) (i a) (i (3) (ia ) (ja ) 



(28) 



in terms of quartic loop invariants with the last two labels 
set equal to the reference values io^o- Choosing the fixed 
labels iq and to be 1 in Eq. (f2"5| , one sees that all of the 
(iaj/3) can be obtained in terms of the quartic invariants 
(kjioao), with 2 < k,j < Af — 1. The index value Af 
is eliminated by unitarity, and the index 1 is eliminated 
because repeated indices are not allowed, k ^= iq = 1 and 
7 ^ a = 1. 

The analysis so far shows that all invariants can be 
written in terms of (ice), 1 < i,a < Af — 1 and (j/3iooco), 
2 < j,P < Af - 1, i = a = 1. The (ia) are (Af - 
l) 2 CP-even invariants, and the (jftioO-o) are (-W — 2) 2 
complex invariants, with a CP-even real part and a, CP- 
odd imaginary part. There are further nonlinear relations 
among the remaining invariants, that follow from 



(iai a ) 



(29) 



being a unitary matrix, as was pointed out by Nieves and 
Pal ||. 

It turns out that T ia is essentially the original CKM 
matrix. Writing out the loop invariants explicitly, one 
finds 



Pta 



(30) 



where 4>(Vi a ) is the phase of the matrix element Vi a . If 
one picks the standard form V such that the ig row and 
a® column are real and non-negative, then Ti a is identical 
to the original CKM matrix V"! For other forms, P is the 
matrix V with phase rotations on the rows and columns 
to make the io row and ao column real and non-negative. 

It seems that we have ended up with a circular analysis, 
characterizing V in terms of P, which is, in fact, identical 
to V. This is not the case. The quadratic invariants 
(ia) already determine \Vi a \, so there is only a discrete 
amount of information in the quartic invariants Ti a . This 
result is true for any number of generations, but it is best 
explained by considering the special cases ftf = 2, 3 before 
discussing general Af. 



1. Af = 2 

The only independent quadratic invariant is (11), 
and there are no independent quartic invariants. The 
quadratic invariant (11) = | Vx i | 2 = cos 2 9c determines 
the Cabibbo angle 6c, where 6c € [0,7r/2] is restricted 
to the first quadrant. All elements of P; Q are determined 
in terms of (11). 



2. Af=3 



There are four independent quadratic invariants 



(11) 
(12) 
(21) 
(22) 



\V2i\ 2 , 
\V 22 \\ 



(31) 



which are all CP-even. The five quadratic invariants 
(13), (23), (33), (32) and (31) are determined in terms of 
these four using the unitarity relations for V . The num- 
ber of independent quadratic invariants is equal to the 
total number of parameters (angles and phases) of the 
CKM matrix. These four quadratic invariants can be 
used to determine the four parameters cos#i, i = 1,2,3 
and cos 8. Since 0, £ [0,7r/2], the individual angles 
are determined from knowledge of the cos^i. However, 
8 G [0, 2ir) is not determined unambiguously from the 
value of cos 8; 8 is determined only up to a two- fold am- 
biguity. Even though 8 itself is CP-odd, cos 8 is CP-even 
and is fixed by CP-even invariants. The remaining piece 
of information needed to determine 8 is a Z 2 factor which 
is CP-odd, the sign of sin<5. The CP-odd quantity de- 
termining the sign of 8 is the only remaining information 
contained in the quartic invariants. 

For Af = 3, there is only one independent quartic in- 
variant, (2211). The standard Jarlskog invariant is the 
imaginary part of this invariant, 



J = Im (2211) = Im V n V* 2 V 22 V 2 \ . 



(32) 



There are non-trivial relations between the quartic invari- 
ant (2211) and the four independent quadratic invariants. 
The real part of (2211), which is CP-even, is determined 
by the quadratic invariants, 

(2211) + (2211)* = 1 - [(11) + (22) + (12) + (21) 

+ (11) (22) + (12) (21) (33) 

as is the absolute magnitude squared of (2211), which 
also is CP-even, 



(2211) (2211)* = (11) (22) (12) (21) 



(34) 



Thus, both Re (2211) and J 2 = [Im (2211)] 2 are deter- 
mined by the quadratic invariants. The only new piece 
of information in the quartic invariant (2211) is the sign 
of the Jarlskog invariant J = Im (2211). 



4 This discussion is related to the well-known result that one can 
determine that the unitarity triangle has non-zero area, which is 
a CP-odd quantity, by measuring the lengths of its sides, which 
are CP-even quantities. There still remains a two-fold ambiguity 
between the triangle and its mirror image (i.e. the sign of the 
area), which is resolved by measuring a CP-odd quantity. 



3. TV > 4 

The (A/" — l) 2 quadratic invariants (ia), 1 < i, a < 
Af — 1 determine | Vi a \ . The total number of angles and 
phases is equal to (TV* — l) 2 , so the number of indepen- 
dent quadratic invariants is equal to the total number 
of parameters. The quadratic invariants determine the 
CKM matrix up to discrete ambiguities. Thus, we con- 
clude that the only remaining information contained in 
the quartic invariants Ti a is discrete information about 
Vi a . This observation can be made more precise by pos- 
ing the following mathematical question, to which we do 
not know the general answer: 

If V is a Af x Af unitary matrix, what are the allowed 
Af x Af unitary matrices T such that the correspond- 
ing elements of V and T have the same magnitude, i.e. 



IT- I ? 



We will refer to such matrices as isomodular unitary ma- 
trices. There are trivial phase redefinitions of T given by 
multiplying it on the left and right by a diagonal unitary 
matrix. To eliminate these, V and T arc restricted so that 
the io row and ao column are real and non-negative. [By 
setting io — ao = 1, both matrices have the first row and 
column real and non-negative.] This eliminates all the 
phase redefinitions in the generic case where all entries 
in the io row and ao column are non-zero. 

For Af = 2, the only solution is T = V. For Af = 

3, there are two solutions T = V and T = V* , which 
have opposite signs for the Jarlskog invariant. For Af > 

4, there are other solutions in addition to V and V* , 
which are distinguished by the values of their quartic 
invariants, but we have been unable to classify them in 
full generality. Generically, there will be an even number 
of solutions, since if T is a solution, so is T* . Note that 
a simple sign change of one of the phases, e.g. <5i — > —5\ 
for Af = 4 does not lead to a solution. 

The problem of determining the isomodular unitary 
matrices for TV" = 4 has been studied before. It has been 
shown that generically there are eight discrete solutions 
(4 plus their complex conjugates) [131. For certain special 
values of the mixing angles, there is a continuous family 
of solutions [l8[ ■ 

Nieves and Pal [H use the (Af- 1)(tV- 2)/2 invariants 
Im Ti a (or equivalently Im (iall)) foi 2 <i < a < Af — 1 
to fix These are sufficient to uniquely fix V , since they 
determine all the CKM phases Si. However, most of the 
information in Im Ti a has already been determined by the 
quadratic invariants, as shown in Eqs. (|33[) and (|34|) . In 
what follows, we will use this redundant choice, since we 
do not know the general solution to the question posed 
above. 



B. PMNS invariants 

In the lepton sector, the rephasing invariants of the 
low-energy theory are constructed from the PMNS ma- 



U^j constructed from 



FIG. 7: Chain invariant (jai) = U, 
the PMNS matrix. The dashed and solid lines are v and E 
indices, respectively. 



trix elements shown in Fig. ["2J Invariance under the <I> e 
rephasings of Eq. ([9]) implies that the invariants corre- 
spond to graphs with no external solid lines, such as the 
2- vertex chains shown in Fig. [7] The basic quadratic in- 
variants will be denoted by 

(jai) = U ai U av (35) 

and were considered previously by Nieves and Pal 0, [1[ . 
Under CP, 



(jai) 



(jai)* = (iaj). 



(36) 



The PMNS invariants must also be invariant under 
the discrete r\ v tranformation in Eq. (|9|), which was not 
considered previously. Under this discrete symmetry, 
(jai) — > (jai)(r] u )jj(r] u )ii, and is not invariant unless 
j = i. Quartic invariants which are r\ v invariant are prod- 
ucts of the basic quadratic (jai) in which each external 
index occurs an even number of times, since the (jai), 
j =f= i, individually arc not invariant. The quartic in- 
variants are (jai) 2 and (jai)(iaj) = \(jai)\ 2 for j ^ i, 
and (jai)(j(3i) and (jai)(i[3j) for j^i and a ^ (3. The 
^-invariant quantities depend on ^ rather than 5'/2. 

Not all of these invariants are independent. Unitarity 
of the PMNS matrix implies that 



a 

^ UaiUpi 



which yields the identities 



^2(joti) 



lap, 



''J • 



(37) 



^2(iai) = 1, 



(38) 



where the second set of identities correspond to only the 
Af diagonal equations of the second unitarity constraint 
in Eq. ([37]) . The identities Eq. ([38]) can be used to elimi- 
nate (2Af— 1) quadratic invariants; we choose to eliminate 
the Af invariants (AfaAf), 1 < a < Af, and the (Af - 1) 
invariants (iAfi), 1 < i < TV — 1. With this choice, the 
independent quadratic invariants are 



(iai) = \Uai\ 2 , 1 < a,i < Af - 1. 



(39) 



These (Af— l) 2 quadratic invariants are all CP-even; they 
determine the V part of the PMNS matrix Eq. pip up 
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to discrete ambiguities, as for the CKM case discussed in 
the previous section, and are the analogs of (ia). 

There are many identities which can be used to elimi- 
nate most of the quartic invariants, such as 



(jai)(lak) = (jak)(lai) 
Setting k = I = io gives 



(40) 



(jai)(i ai ) = (jai )(i Q ai) = (i aj)* (i ai) (41) 
so that (jai) is determined by (io<xi), (i$aj) and (i$aio), 

(jai ){i ai) 



(jai) 



(iqcmo) 



The relation 



(jai)(iaj) = \(jai)\ 2 = (iai)(jaj), 



(42) 



(43) 



implies that all \(jai)\ 2 can be determined from the 
quadratic invariants (iai). There arc also identities for 
invariants (jai)(ij3j), a ^ (3 and j ^ i, such as 



^2(jai)(if]j) = (jaj) 6 a0 , 



(44) 



which is 77,,-invariant, and follows from unitarity of U. 

Equations (|42I43|) show that (iaj) can be written in 
terms of the quadratic invariants (iai), and (ioai), for 
a fixed value io- For r\ v invariance, the (ioai) factors 
must occur in pairs of the form (ioai)(iof3i), so that i 
occurs twice. It is straightforward to show from the above 
relations that all such combinations can be written in 
terms of (ioaoi) 2 and (ioai)(iaoio) for a fixed value ao, 
the latter being the analog of (iaioao) of Sec. IIV Al 

One can define a matrix S, 



(i ai)(ia i ) 



^(ioaoio)(ioai )(ia i) 



(45) 



in analogy to the T-matrix for the quark sector defined 
in Eq. (|29p . 5 S is a unitary matrix constructed out of 
rephasing invariants, and is equal to 



Sai — Ua 



-i<t>(.U aio )+i<t>(.U ao i )-i<t>(U ao i) 



(46) 



S is identical to the V matrix in the PMNS form of U in 
Eq. where V is chosen so that row ao and column 

io are real and non-negative. 

S is a unitary matrix, which gives the identities nec- 
essary to eliminate all of the dependent invariants. The 
information contained in S is discrete information about 
V. As for Ti a , we can choose the redundant variables 
Im S a i ,2<a<i<7V — 1, which determine the phases 
5i in V. 



5 The definition in Ref. 0], S a 
variant. 



(ioai)/ \J (irjmo), is not r\ v in- 



The independent quartic invariants determine the (A/ - — 
1) phases ipi and fix the discrete ambiguity in V. Conse- 
quently, only CP-odd quartic invariants are independent. 
Without loss of generality, we choose io = 1, «o = 1- 
With this choice, the independent quartic invariants are 
the CP-odd invariants 

Im(lm)(ill), 2 < a <i < TV - 1 

Im(lH) 2 , 2<i<M. (47) 

The first set of CP-odd invariants determine the (N — 
1)(JV - 2)/2 phases 8, in V. The second set of CP-odd 
invariants determine the (TV — 1) phases ipi. 

1. M = 2 



The independent invariants are 

(HI) = |t/n| 2 , 
Im(112) 2 = Im {UuU^f 



(48) 



The 2x2 matrix U is parametrized by one angle and 
one phase. The CP-even invariant (111) = cos 2 6^ u > de- 
termines the single angle 9^ u \ The CP-odd invariant 
Im(112) 2 determines the single phase ip^ u \ 



2. AT = 3 

The independent quadratic invariants are the CP-even 
quantities 



It/21 1 2 , 



(in) 

(121) 
(212) ee \U 12 \ 2 , 

(222) ee |£/ 22 | 2 . (49) 

The invariants (111), (121) and (212) determine the three 
angles #123, respectively. Invariant (222) determines 
cos c^- 1 , which gives up to a two-fold sign ambiguity. 

The independent quartic invariants are the CP-odd 
quantities 



Im(122)(211) = ImUIaUnUhUm, 
Im(112) 2 = Im (U 12 U^j 2 , 
Im(113) 2 = Im (C/iaC/n) 2 • 



(50) 



The first invariant is the analogue of the Jarlskog invari- 
ant for the PMNS matrix U. It gives the sign of <5 (r/) . The 
second and third invariants determine j respectively. 



3. JV > 4 

There are (A/" — l) 2 independent quadratic invariants 
(iai) = \U ai \ 2 , 1 < i,a < M- 1. (51) 
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FIG. 8: Chain invariants {BiA} = WiaW* b and {BjaiA} = 
W iA V* a V ja W* B . 

which determine the magnitudes of U a i, and a total of 
Af(Af — l)/2 independent quartic invariants consisting of 

Im (lli) 2 = Im {UuU^f , 2 < i < Af. (52) 

which determine the Af — 1 phases ipi , and 

Im (lm)(ill), 2<a<i<JV-l (53) 

which determine the (Af — 1)(A/" — 2)/2 phases 8.^ and fix 
the discrete ambiguity in V. 

C. High Energy Invariants 

The invariants in the high-energy theory are made out 
of the V and W vertices shown in Fig. [TJ It is easy to see 
that there are two forms for the invariants: closed loops 
involving an even number of V matrices such as Figs. [3] 
and [6] and chains with an even number of V vertices 
terminated by W vertices at each end such as Fig. [8] 

The loop invariants are denoted by ( ), and have the 
same form as the quark invariants Eq. (|15p with Vi a now 
representing the lepton mixing matrix with v and E la- 
bels i and a, respectively The loop invariants involve 
only V and so determine all of the parameters in the 
canonical CKM form of V in Eq. (fl~3f . 

The chain invariants are denoted by { }, where 

{Bjp...aiA} = \i,\\;„..a i m: i , 

(54) 

Under CP, 

{Bjf3...aiA} -> {Bjf3...aiA}* 

= {Aia.../3jB}. (55) 

The basic quadratic chain invariants 

{BiA} = W lA W* B (56) 

involve only W matrix elements, and are the analogues of 
the invariants (jai) discussed in Sec. lIVBl for the PMNS 
matrix. The discussion of independent PMNS invariants 
applies to these new invariants {BiA}, which determine 



all of the parameters in the canonical PMNS form of W 
in Eq. (14]). 

There remain the Af — 1 phases in $ which can be 
included in either V or W, Eqs. (T3]) and HI]). These 
phases are determined by the chain invariants 

{AjaiA} = W lA V* a V ja w; A (57) 

which involve both V and W matrix elements, and are 
invariant under the full rcphasing transformation Eq. (|7|. 
The independent invariants, as shown below, are the Af — 
1 CP-odd invariants 

lm{A i a iA } = lmW lAo V* aa V loao W* oAo , i ^ i , 

(58) 

for reference values Ao, io and otQ. Choosing the reference 
values Ao = ia = ao = 1 yields 

Im{lllil} = huWuVnViiW*!, 2 < i < Af. (59) 

These determine the Af — 1 phases in 

We now summarize how the general high energy invari- 
ants can be reduced to those discussed above, using a by 
now familiar procedure. In loops and chains, any of the 
internal line indices of the same type cannot be repeated, 
because then the graph can be broken up into smaller 
invariant subgraphs by reconnecting the lines with the 
same label. For loops, this decomposition rule is given 
by Eq. (fT5)) . The additional chain decomposition identi- 
ties are 

{Bj(3[k...j]kaiA} -> {Bjj3kaiA}{[k...j}} 
{Bj/3[k...j3]laiA} -> {Bjf3laiA}([k...f3]) (60) 

for repeated labels k and (3, respectively. A particularly 
useful identity obtained from Eq. |60]) is 

{BjfikaiA} (ja) = {BjaiA}(jf3ka) (61) 

which replaces three matrix elements VV*V by a single 
matrix element V in a chain. Thus, in large chains, one 
can apply Eq. §Q to split off VV*VV* bubbles. Eq. §Q 
is the generalization of Eq. ([2T]) from loops to chains. 

There also are reconnection identities. For loops, these 
identities arc Eq. PU]) . The chain reconnection identities 
are 

{BjaiA}{DlakC} = {BjakC}{DlaiA}. (62) 

The identities imply that the invariants are VV* and 
VV*VV* loops, and the r]M invariant WW* chains and 
products, and WV*VW* chains, 



(ia) , 
{AiA}, 
{AiB}{AjB}, 

The identities 

{BjaiA}{A jAo}{A iAo} 
{ A j aiA } { Ao j aj A Q } 

{BjaiA} (jPij ) 



(iaj/3) , 

{AiB}{BjA}, 

{AjaiA}. (63) 

= {BjA }{AoiA}{A Q jaiA } 

= {Aojaj A }{Aoj aiAo} 

= {Aojaj Ao}{A iajoAo}* 

= {Bj l0 iA}{jj3ia) (64) 
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and Eqs. (|28|) and (|41 [) imply that we need only consider 
the invariants 

{ia) , 
{iai a ) , 
{AiA}, 
{A iA}{Ai Ao}, 
{A a i a A} 2 , 
{AojoloiAo}, (65) 

and their complex conjugates, for fixed reference values 
«o, joi &0y 70j Aq. The first five of these invariants have 
already been studied in the sections on CKM and PMNS 
invariants, and the last one is the invariant in Eq. (|58[) . 

Choosing the reference values a$ — 70 = Aq = io = 
jo = 1 gives the independent invariants 



{ia) , 


1 < i,a <Af- 


1. 


Im (iall) , 


2 < i,a <Af - 


1, 


{AiA}, 


1 < i,A < Af - 


1. 


lm{liA}{All} 7 


2 < i,A < Af - 


1. 


Im{llA} 2 , 


2<A<N, 




Im{lllil}, 


2 < i < Af- 1. 





(66) 

One can define a rephasing-invariant unit vector v, 
built from {A j ~/ iA }, 



{A joloiA } 



(67) 



(68) 



V 0'o7o) (ijo) {AojoAo} ' 
in addition to the matrices T of Eq. (j2"9"|) and 
s = {A iA}{AioA } 

y/{AoioA }{AoiAo}{Ai A} ' 
the analogue of Eq. (|45|) . The unit vector v is equal to 

Vi = WiA e i ^ Vj °~° a ^~ % ^ Vi ~°°^~ i ' i '^ WioAo ' > ■ (69) 

With V chosen so that the first row and column are real 
and non- negative, and Ao = jo = 70 = 1, the phase of Vi 
is — <5j, so that i> fixes $. 

1. 7V = 2 

has one angle, W has one angle and one phase, 
and $ has one phase, for a total of four parameters, of 
which two are CP-even and two are CP-odd. There are 
four independent invariants: (11), {HI}, Im{112} 2 and 
Im {12111}, which determine 9^ v \ 9^ w \ ij) {w) and <j>, 
respectively. 

2. Af = 3 

The independent invariants involving only V matrix 
elements are the CP-even 

(11) = l^nl 2 , 



(12) 
(21) 
(22) 

and the CP-odd 

Im (2211) = 



= |Vi 2 | 2 , 

= \V21 1', 
= \V22\ 2 , 



(70) 



(71) 



which determine all of the parameters an d °f 

V in canonical CKM form. 

The independent invariants involving only W matrix 
elements are the CP-even 

{111} = |VM 2 , 

{121} = \W 21 \\ 

{212} = 

{222} = 

and the CP-odd 



W u 12 

WV 2 



(72) 



Im{122}{211} = hnW n WZ 2 W22WZ x , 
Im{112} 2 = Im (W^W^f , 
Im{113} 2 = Im (W 13 W^) 2 , 



(73) 



which determine all of the parameters 9\ 2 3 , S^ w ^ and 

V'^P °1 W m canonical PMNS form. 

There are two additional phases 02 and 03 which are 
determined by the CP-odd invariants 

Im{11121} = lmW2iV^V n W* 1 , 
Im{11131} = lmW 3 iV^V n W* x , (74) 

respectively 



V. CONCLUSIONS 

We have determined all independent rcphasing invari- 
ants of the quark and lepton mixing matrices in the see- 
saw model extension of the standard model and in its 
low-energy effective theory. In both theories, the inde- 
pendent rephasing invariants involving the quark CKM 
matrix V are the quadratic invariants {ia) = \Vi a \ 2 , 
1 < i,a < Af — 1 and the imaginary parts of the quartic 
invariants (iall) = V ia V* a V loao V* agl 2 < i < a < Af-l. 
The quadratic invariants determine the CKM matrix up 
to discrete ambiguities, which are removed by the inde- 
pendent quartic invariants. 

The lepton sector of the low-energy effective theory 
contains a single lepton mixing matrix, the PMNS mixing 
matrix U . The independent invariants are (iai) = \U a i\ 2 , 
1 < a, i < Af — 1, and the imaginary parts of the quartic 
invariants (lm)(ill) = UaiU^UulI^, 2<a<i<Af — 
1, and {Hi) 2 = {UuU^f, 2 < i < Af. The discrete r\ v 
invariance of the Majorana mass matrix requires that the 
phase in Eq. pip is ^/2 to maintain the [0, 1-k) range for 
ipi- 
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The lcpton sector of the high-energy theory contains 
two lepton mixing matrices V and W . The independent 
invariants involving only the lepton mixing matrix V are 
the same set as for the quark CKM matrix. The indepen- 
dent invariants involving only W matrix elements are the 



same set as for the PMNS matrix. The independent in- 
variants involving both V and W matrix elements are the 
imaginary parts of {111*1} = W tl V* 1 V 11 W^ 2 < i < M. 

AM would like to thank N. Wallach for discussions. 
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